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SECOND-ORDER HYPERBOLIC S.P.D.E.’S DRIVEN BY
HOMOGENEOUS GAUSSIAN NOISE ON A HYPERPLANE

ROBERT C. DALANG AND OLIVIER LEVEQUE

ABSTRACT. We study a class of hyperbolic stochastic partial differential equa-
tions in Euclidean space, that includes the wave equation and the telegraph
equation, driven by Gaussian noise concentrated on a hyperplane. The noise is
assumed to be white in time but spatially homogeneous within the hyperplane.
Two natural notions of solutions are function-valued solutions and random field
solutions. For the linear form of the equations, we identify the necessary and
sufficient condition on the spectral measure of the spatial covariance for exis-
tence of each type of solution, and it turns out that the conditions differ. In
spatial dimensions 2 and 3, under the condition for existence of a random field
solution to the linear form of the equation, we prove existence and uniqueness
of a random field solution to non-linear forms of the equation.

1. INTRODUCTION

Stochastic partial differential equations (s.p.d.e.’s) driven by spatially homoge-
neous Gaussian noise that is white in time, first studied in the parabolic case by
Dawson and Salehi [8], has recently been the subject of several papers, beginning
with the work of Mueller [22] and Dalang and Frangos [7] on the wave equation in
two spatial dimensions, and continued in several recent papers, such as Dalang [5],
Millet and Sanz-Solé [20, 21], Peszat [25] and Peszat and Zabczyk [20].

In this paper, we are interested in equations that might arise when modelling
situations such as the following. Rain falls on the surface of a lake, producing a
sound wave that propagates under water. This noise is produced by a large number
of small contributions (the rain droplets). After suitable rescaling, the noise can
be considered to be spatially homogeneous on the surface of the lake, propagating
through a three-dimensional medium. Hence, the noise is concentrated on the two-
dimensional boundary of a three-dimensional domain.

There have been several studies of equations driven by noise concentrated on
manifolds. The noise is generally taken to be a stochastic boundary condition.
Many of these are carried out in spatial dimension one, so the boundary noise is a
pointwise noise, as in [2, [I0 [I8]. There are also results for parabolic s.p.d.e.’s in
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higher dimensions [I9, 29]. Since parabolic equations exhibit regularizing proper-
ties, the noise can be taken to be concentrated on a rather general manifold, but
there is no reason to expect that similar methods or results will apply to hyperbolic
equations, for which the results are quite different (see Remark [10).

In this paper, we fix a,b € R and consider the following non-linear s.p.d.e. and
some generalizations of it:
(1.1)

0%u ou

w(t,x) +2a E(t’ x) +bu(t,z) — Au(t,x) = g(u(t, 1,0)) do(z2)

+ h(u(t, z1,0)) F(t,21) do(z2), teRy, x = (71,22) € R xR,

where ¢ and h are real-valued functions satisfying standard conditions and F' is a
Gaussian noise whose covariance is formally given by

E(F(t,x1) F(s,y1)) = do(t —s) T'(z1 — y1).

Note that the variable x; represents coordinates in the hyperplane R4~ x {0} on
which the noise is concentrated, and x- is the coordinate in the direction perpen-
dicular to this hyperplane.

There are at least three interesting special cases of this equation. When a = b =
0, this is the wave equation. When a > 0 and b = 0, this is the wave equation with
damping, also called the telegraph equation when d = 1. And finally, when a = 0
and b # 0, this is the Klein-Gordon equation.

Given the irregularity of the noise, the first issue is to give a rigorous meaning
to this equation. We do this via Walsh’s theory of martingale measures [30], using
an appropriate extension of his stochastic integral, in the spirit of [5]. The linear
case ¢ = 0 and h = 1 is already of considerable interest. Indeed, it is only in spatial
dimension 1 that equation () will have a real-valued solution for all choices of
the covariance I'; in higher dimensions, the solution exists in general only in the
space of random (Schwartz) distributions. Our first objective is to characterize
those covariances for which the linear form of (1)) has a real-valued solution.

In this context, a surprising distinction appears. Indeed, there are at least two
natural ways to define real-valued solutions. One of these is the notion of function-
valued solution (see Section [LT]), in which, essentially, the solution is at each time
t a random function of the space variable x. Another is the notion of random field
solution (see Section .2]), in which the solution is a random field defined for every
(t,z) € Ry xR?, with an L2-continuity requirement. It turns out that these notions
are distinct, and we give in Theorems and [4.8] respectively, the necessary and
sufficient conditions on the spectral measure of the covariance for existence of either
notion of solution.

In the case where the linear form of equation ([T has a random field solution,
it is natural to consider the non-linear form of the equation. We show in Theorem
BTl that in spatial dimensions 2 and 3, the non-linear equation has a solution under
the same conditions on the covariance as those obtained for the linear equation.

The outline of this paper is as follows. In Section 2l we consider equation (L)
with a slightly more general form of driving noise, which contains the situation
of noise concentrated on a hyperplane, and we construct an extension of Walsh’s
martingale measure stochastic integral following [5]. In Section [B] we analyze the
Green’s function of the equation (which is in fact not a function in dimensions
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greater than 2) and in particular, the integrability properties of its Fourier trans-
form in the x;-coordinates. These somewhat technical estimates are the key to the
results of Section [] in which we establish the necessary and sufficient conditions
on the spectral measure of the noise for existence of the two kinds of real-valued
solutions. In Section [5] we establish existence and uniqueness for the non-linear
form of the equation. Finally, three appendices provide some background infor-
mation: Appendix [A] contains a reformulation of the conditions on the spectral
measure directly in terms of the covariance function, following the approaches of
[17,27]; Appendix[Blcontains explicit formulas for the Green’s function of the equa-
tion in spatial dimensions 2 and 3, and Appendix [ recalls the properties of Bessel
functions that are needed in this paper. For the reader’s convenience, an index of
notation is provided in Appendix

2. A LINEAR EQUATION DRIVEN BY (GAUSSIAN NOISE

Let a,b € R. We consider the following linear form of (LI)):

(2.1)
2 .
%(t,x) + 2a %(t, z) +bu(t,z) — Au(t,z) = FO(t, ), (t,z) € Ry x RY,
U(O,l‘) = UO(QZ), 68—1:(0’]}) = 'UO($), = Rd7

where ug, v are two given (Schwartz) distributions on R% and FO = {FO(t, z), (t,x)
€ R, x R} is a generalized centered Gaussian process whose covariance is infor-
mally given by

E(F(t,z) F°(s,y)) = do(t — 5) To(z,y),

where Jgy is the standard Dirac measure on R and T’y is a non-negative definite
measure on R? x R¥, in a sense that will be made precise below.
In order to give a meaning to this equation, several preliminaries are necessary.

2.1. Preliminaries. Fix a positive integer d. Following Schwartz [28], let S(R?) be
the space of complex-valued C*°-functions on R? with rapid decrease, let Oy (R?)
be the space of complex-valued C* functions on R? with polynomial growth, S’(R%)
be the space of tempered distributions on R? (the dual of S(R?)), and let O (R%)
be the space of distributions with rapid decrease on R? (this is not the dual of
O (R%)). The duality form between T € S’(R?) and ¢ € S(R?) is denoted (T, ¢).
The Fourier transform Fy of ¢ € S(RY) is defined by

Fo)= | dve@) e, ek,

and the Fourier inversion formula reads

(2.2) Flp(e) = ﬁ Fo(-€),  £eRY

We will also use the notation F7T for the Fourier transform of a tempered distribu-
tion T € §'(R?%). By [28, Chap. VII, Thm XV],

(2.3) T € O4(R?) if and only if FT € Op(RY).
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For ¢ € R, we denote by & the standard Dirac measure at point ¢ and x¢ the
function defined by y¢(z) = €, z € R? (note that Fé¢ = x¢, so Fxe = (2m)% §_¢

by 2.2).

2.2. Gaussian noise. In order to rigorously define the noise process F, we assume
that Ty is a signed Borel measure on R? x R? (with total variation measure |['o|)
which is non-negative definite on R? x R?, that is,

m

Z C; a Fo(AZ XAJ) >0, for all m > 1, ¢c1,...,em € (C, 1417 - ,AmEBb(Rd),
i,j=1
where B,(R%) denotes the set of bounded Borel subsets of R?. In particular, T'o(-, -)
is symmetric (see [4, p. 68]). Furthermore, we assume that there exists a non-
negative Borel measure vy on R? x R?, which is also non-negative definite, which
dominates |L'g|, that is,

ITo|(A x B) < 1y(A x B), for all A, B € By(R?),

and which is tempered, that is, there exists r > 0 such that

/ VO(d'Tvdy) < 00
rixga (14 ]2+ |y[)”

Note that in general, |T'g| is not non-negative definite even if I'y is.

By the Kolmogorov extension theorem (see [23] Prop. 3.4]), there exists a
probability space (£2,G,P) and a centered Gaussian process FO = {FP(yp), t €
R, ¢ € S(R%)} defined on this space, whose covariance is given, for all t,s € R,
@, € S(RY), by

(24) B () FTG) = (t0s) [ Toldo.dy) ola) T3]

The Gaussian field FO is informally related to the noise F°(t,z) in (ZI) by the
formula

25 Rl = [ ds [ doPea) e, teRi peSERY,

2.3. Stochastic integral. Since equation (ZT) is linear, it always has a solution
in a space of Schwartz distributions. In order to get an explicit expression for this
solution, we shall define a stochastic integral with respect to F°. This section refers
directly to [30, Chap. 2] and [7, [5], so some details will be omitted. Consider the
filtration
GP = o{F(¢), s€[0,t], pe SRN}VN,  tERy,

where N is the class of P-null sets in Q. As in [7], the field F° extends to a worthy
martingale measure M° = {MP(A), G2, t € Ry, A € B,(R%)} (see [30, Chap. 2]
for a precise definition) with covariation measure Q¢ and dominating measure Ky
given respectively by

Qo([0,t] x Ax B) =tTo(Ax B) and Ky([0,t] x Ax B)=tyy(Ax B),
for t € Ry and A, B € B,(R%). Further,

0 = X 0 S,ax).
Fp)= [ o) MO, i)
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Let £° be the space of elementary integrands, that is, functions ¢ : Ry xR¢xQ —
C such that

(;S(t,x,w) = l]a,b] (t) lA(x) X(w)a

where 0 < a < b, A € B,(R%) and X is a bounded G%-measurable random variable.
For such an element ¢ of £, its stochastic integral with respect to the martingale
measure M9 is defined by

(¢ M%)y(B) = X (M,(ANB) = My, (AN B)),  t€Ry, BeBy(RY).
One easily checks the following isometry property:
(2.6) E((¢- M°)e(B) (- M°)4(C)) = (¢ 15,% 1¢)r0,
for all ¢, € £, B,C € By(R?), where

(2.7) (¢ 15,9 1c)eo = E < /0 as /B  Tolde, dy) é(s.2) W) :

We denote by || - ||+,0 the semi-norm induced by the semi-inner product (-,-)0.

Let P° be the predictable o-field generated by the functions of £Y, and term
predictable functions those functions which are P%measurable. For ¢t € R, and
predictable ¢ : [0,t] x R? x Q — C, let us define

1612 =E ([ ds [ smldona) jote.2) o)

Moreover, set
Hiyo=1{¢:[0,t] x R" x Q — C: ¢ is predictable and ||¢||; 4+ 0 < 00}

It is well known (see [30, Chap. 2]) that the stochastic integral (¢-M?),(B) extends
to elements of Hy 4 o, in such a way that the isometry property (2.0) remains
satisfied. In the following, we will adopt the notation (¢ - M°); = (¢ - M°),(R?).

Note that for a deterministic integrand ¢, the stochastic integral process
(¢-M°) = {(¢- M°), t € Ry} is a Gaussian process. Furthermore, for deter-
ministic integrands ¢ and 1, the isometry property becomes

e B M@ = [ds [ Tolde.d) ols.2) 7).

2.4. Noise on a hyperplane. Let d > 2 be an integer. For 2 € R? = R~! x R,
we write £ = (21, x2), where x; € R¥~! and 25 € R. For ¢ € S(R?), let Fi¢p (resp.
Fap) denote the Fourier transform of ¢ in the coordinates x; (resp. x2):

Frp(&r, w2) =/ dzy p(r1,72) X, (71)
Rd—1
and

Fap(w1,&2) Z/Rdl“z o(x1,72) Xe, (2).

These Fourier transforms extend to 7' € S’(R%) by the relationship (F1T,¢) =
(T, F1). Note that F = Fj o Fy = Fa 0 Fy.
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We want to consider the situation of noise concentrated on the hyperplane R4~ x
{0} and spatially homogeneous within this hyperplane. Therefore, we shall assume
that the measure I'y is given by

Lo(z,y) = I'(z1 —y1) do(z2) do(y2),
or, in other words, for all ¢, € S(R?),

@0 [ Toldedy) o@) o) = [ T@) (60,05 5C.0)(=).

where x; denotes the convolution product in R?~! and @(x;) = p(—x1) for x; €
R4,

We assume that I' is a signed Borel measure on R%~!, which is non-negative
definite on R?~1, that is,

(2.10) /}Rdi1 ['(dz1) (¢ *1 ¢)(z1) > 0, for all € S(RY™1).

This implies that I' is symmetric (cf. [28, Chap. VII, Thm. XVII]) and by the
Bochner-Schwartz theorem (see [28, Chap. VII, Thm. XVIII]), there is a non-
negative tempered measure p such that I' = Fu. Moreover, we assume that there
exists a tempered non-negative Borel measure v on R4 which is non-negative
definite and which dominates |T'|, that is,

IT|(A) <v(A),  forall Ae By(R¥1).

Example 2.1. (a) If ' is a non-negative, tempered and non-negative definite Borel
measure on R?, then v = I satisfies the required assumptions. This non-negativity
assumption was taken as a basic assumption in [Bl 27] (in the case of spatially
homogeneous noise on R?) but we will only adopt it in our analysis of non-linear
equations (see Section [B).

(b) For certain non-negative continuous functions f on ]0, co[, covariances of the
form T'(dxzy) = f(|z1|) dzy satisfy (ZI0). Examples of such f are

f(r)y=r"", where ~€]0,d—1].

(c) Let A be Lebesgue measure on R?~!. Suppose I is a non-negative definite
tempered Borel measure on R for which there exists C' > 0 such that

(2.11) I' + C)\ is a non-negative measure on R4,

Then v = T" 4+ 2C\ satisfies the required assumptions: v is non-negative definite,
being the convex combination of two non-negative definite measures, and

Dl =T+ CA—CA <|T+CA+|CA =T +2CA=v.

Note that (211 was taken as a basic assumption in [25] [26] (in the case of spatially
homogeneous noise on R?).

As in Section 2.3 we associate a Gaussian process F° with I'g. On the other
hand, we can consider the centered Gaussian process F' = {Fi(p), t € Ry, ¢ €
S(R41)} whose covariance is given for all ¢,s € R, and ¢,1 € S(R4™1) by

B FiD) = (tns) [ Tz (on1 D)),
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By the Kolmogorov extension theorem (see [23, Prop. 3.4]), this process is well
defined on some probability space (2,G,P), and (2.9) implies that

FO(¢) L Fy(¢(-,0)), forallte Ry, ¢ SRY,

where £ stands for equality in distribution. Setting ug = vg = 0, since we are
mainly interested in studying how the regularity of the solution depends on the
regularity of the noise, equation (2]) may then be formally rewritten as

2
@(t,x) +2a @(t, x) +bu(t,x) — Ault, z)

ot? ot _ )

(2.12) = F(t,x1) 6o(w2), (t,z) € Ry x RY,
ou J
U(O,l’) :07 E(O,Z) :0, x € R,

2.5. Section revisited. We particularize the definitions of Section to the
noise F' on a hyperplane defined in Section 24l Let {G;} denote the natural aug-
mented filtration of the noise F', £ the space of elementary integrands (which are
now functions on Ry x R4~1 x Q) and P the predictable o-field; the noise F' extends
naturally to a worthy martingale measure M and we can define a corresponding
stochastic integral (¢ - M), for integrands belonging to the set H; ; of predictable
¢ :[0,t] x R¥~! x Q — C such that

ol = ([ s [ v(d=) (661 1G5, a0 ) < v,

using the isometry
(2.13)

B0 20, A0 = (6.0 =B ([ ds [ 1(d0) (606 006 ).

Let || - ||¢ denote the semi-norm induced by the semi-inner product (-, -);.
We will adopt the following notation for the stochastic integral of a predictable
integrand ¢ : [0,] x RY x R x  — C restricted to the hyperplane zo = 0:

(2.14) (6(-,0) - M), = / M(ds, dzy) 8(s, 21,0).

[0,¢] xR—1

2.6. Extension of the stochastic integral. The first technical step towards the
study of the regularity of the solution of (ZI2]) consists in extending the stochastic
integral to distribution-valued integrands, since the processes that will appear in
the following will be expressed as stochastic integrals of such integrands.

Following [5], let Z = {Z(t, 1), (t,71) € Ry xR9~1} be a real-valued predictable
process such that for all 7' > 0,
(2.15) sup E(Z(t,21)?) < oo.

(t,z1)€[0,T) xR~

By [30, Chap. 2], MZ = {(Z - M)y(B), Gi, t € Ry, B € B,(R41)} defines a
worthy martingale measure with covariation measure

Q7([0,t] x Ax B) =E (/O ds /RH D(dz) ((Z(s,-) 14) %1 (Z(s, ") iB))(z1)>
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and dominating measure

KZ([O,t] x Ax B)=E (/0 ds /Rd_l v(dz1) ((|Z(s,-)] 14) %1 (\Z(s,)| iB))(zl)> )

This implies that we can define the stochastic integral (¢- M?); of a Borel-measur-
able function ¢ : [0,¢] x R?"! — C such that

(00 =& ([ s [ vtdn) (10069 2050 16050 206 De0) ) < o

and let us denote by H; 1 7 the space of such (deterministic) integrands. Note that
if $ € H; 1 and ¢ is deterministic, then

Il 4.z < sup E(Z(s,21)*) [|9]17 1 < oo,
(s,x1)€[0,t] xRI—1

so ¢ € H; 4 7. Moreover, the following isometry property holds:

IE((d) ) MZ)t (1/’ ' MZ)t) = <¢7w>t,Z7

where
(2.16)

vz =B ( [ds [0 (006, 26001 (B5) 20 0)e0) ).

Let us also denote by || - ||+,z the semi-norm induced by the semi-inner product
<'7 '>t,Z-

We can now proceed to the extension of the stochastic integral. If we assume
that Z satisfies
(2.17)

E(Z(t,x1) Z(t,y1)) = E(Z(t,0) Z(t,x1 — y1)), forall t € Ry, z1, y1 € R,
then the function v : R, x R¥~! — R defined by
v(t,z1) =E(Z(t,0) Z(t, z1)), (t,z1) € Ry x R4L,

is symmetric and non-negative definite in z; and for deterministic ¢,y € H; y z,
[2I6]) can be rewritten as

@18 (@i = [ ds [ T 9020 (605, 11 906

Notice that for s € [0, 1], the measure I'Z defined by
7 (dz1) = T(dz1) 7(s, 21)

is a non-negative definite measure on R?~!, since this property is conserved by
multiplication of non-negative definite functions/measures.

By the Bochner-Schwartz theorem (see [28, Chap. VII, Thm. XVIII]), there
exists a non-negative tempered Borel measure zZ on R4~! such that T'Z = FypuZ.
Moreover, uZ is symmetric on R~1, since I'Z is real-valued. Let us now consider
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the following subspace of Hy y:
Hio = {¢:[0,t] x R¥"! — C Borel-measurable such that
[¢]lt.+ < oo and ¢(s,-) € S(RYY),  for all s € [0,]}.

If ¢,9 € Hyp, then F1¢, F1¢ are Borel-measurable functions and we obtain the
following expression for ||¢||; z, using basic properties of the Fourier transform:

t
(2.19) lollzz = [ as [ wta) 1Fos 0P

Note that this formula defines ||¢|;,z even for ¢ : [0,t] — OL(R?"1) such that
(s,&1) — Fi¢(s,&) is Borel-measurable. We now define a larger space, which
contains (deterministic) distribution-valued integrands:

Hiyz = {¢:00,t] = OL(RY) 1 (s,6) — Fi¢(s, &) is Borel-measurable,
ll#lls,z < oo and I(py,) C Hy o such that ||¢ — ¢nlle.z T 0}

(note that as in [5], it is not known if the set H; z would remain the same if the
condition of existence of the approximating sequence (¢,) were removed). The
stochastic integral (¢ - M%); then extends by isometry to elements of H; z. We
continue to use the notation (ZI4]) for stochastic integrals even in the case where
o(s, -, x2) is a distribution in x; for each x5 € R.

Note that for the linear equation, we will only need the definition of the stochastic
integral when Z = 1, in which case we denote the space of integrands by H; and
the isometry property ([2I3) becomes

(2.20) E((¢- M) (- M)i) = ($,¥)r = /0 ds /}Rdi1 p(déy) Fro(s, &) Fiy(s,&1).

Notice that since ¢ is deterministic, the process (¢ - M) = {(¢- M), t e Ry} is a
Gaussian process.

The following theorems will also be useful (cf. [5] Thms. 2 and 3] and [6] for
proofs, noting that Theorem [23]is a slight variation on the result of [6]). Before
stating them, let us denote by O (R?1) . the space of non-negative distributions
with rapid decrease on R%1,

Theorem 2.2. Let Z be a process satisfying (Z10) and @I7). If T is a non-
negative measure on R4 ¢ 1 [0,t] — OL(RY™1)4 is such that Fi¢ is a Borel-
measurable function and ||¢|l; < oo, then ¢ € Hy z and

Blle- M) = [as [ (as) iRl q)p

IN

/ ds sup E(Z(s,1)?) / w(dr) |Fro(s, )2
0 Rd—1

2, €R4—1

Theorem 2.3. If ¢ : [0,t] — OL(RI™!) is such that Fi1¢ is a Borel-measurable
function, @]l < co and

(2.21) 1}3?3/0 ds/RCH p(de)  sup  |Fio(rE) — Fio(s, €))7 =0,

s<r<s+h

then ¢ € Hy.
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3. THE GREEN KERNEL AND ITS PROPERTIES
Let G be the solution of

0?°G oG 0G
— +2a—+bG-AG=0, G0)=0, —
oz T T - GO=0 %
G is termed the Green kernel of equation (ZI)). Note that in the following, the
dependence on a or b of the Green kernel or other objects will be omitted in order
to simplify the notation.

(3.1) (0) = 6.

3.1. Fourier transform of the Green kernel. As for instance in [5, Example
7], one immediately checks that the Fourier transform of G in z satisfies

(3.2)
2
T 2 T e et FaLe =0, 1R cert
FO0. =0, SFG0.0=1, ekl

For ¢ fixed, this is an ordinary differential equation in ¢, whose solution yields the
following expression for FG, which is valid for all dimensions d:
(3.3)

sin (t €12 +b— a2>
—at

NGET e

FG(t, &) =< et if a2—~b>0 and [£]?=a®—b,

sinh (t\/a2 -b— |§|2)
et , if a®>=b>0 and [{*><a®—b.

Note that the first of these three expressions contains the other two. From these,
we observe that FG(t,-) is an even real-valued function on RY. Moreover, it is a
well-known fact (see for instance [16, Thm 12.5.1]) that for fixed ¢ € Ry, G(¢,-) is
a distribution on RY compactly supported in B4(0,t) (the ball in R? centered at 0
with radius t), so G(t,-) € OL(RY) and FG(t,-) € Op(RY) by Z3).

Let us also define H = % + 2a G. Then

if [£]2 > a? — b,

0*H OH OH
—+2a — +bH-AH =0, H(0) =/ —
o T T - HO) =%,
Indeed, the first two equalities follow directly from the definition of H and (BI),
and the third inequality is obtained by computing FH(t,&) from B3).

(3.4) (0) = 0.

3.2. Fourier transform in z; of the Green kernel. We first need to establish
some properties of the restriction (or trace) of the solution G of equation (BI) to
the hyperplane R?~! x {x5} and of its Fourier transform in the first d—1 coordinates
of = (cf. Section 24)). For (t,&;,z2) € Ry x R x R, set

Ly(t,&,m0) = Fy ((FG(t,&1,-)) (w2) = 21 / dés FG(t,&1,82) X—¢,(22),
R

™
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by (Z2)). Using (B3) and [24], formulas 1.5.83 and 1.7.61], we see that
(3.5)

Ly(t,&1,22)

o (VIEPF5=@) @ =13)) |y < g if G 2 a® —b,

1o (V@0 T6P) B =2)) gy <) i @ —0>0
and ‘€1|2 < a’2 _b7

where Jy and I are respectively the zero order regular and modified Bessel functions
of the first kind (see Appendix[C]). In particular, L; is a real-valued function, which
is bounded on [0,7] x R¥~! x R for all T > 0 and symmetric in &;. Further, the
element of S’(R?) associated with the function (&1, 22) — Li(t, &1, 22) is F1G(t)(+).
Indeed, for ¢ € S(R?),

/ dfl/dfz Ly(t, &1, 22) (&1, 72)
Rd-1 R

(36) - \/Rd—l dfl\/Rdwz/Rdé.Q fG(ta€1a§2)X—§2(l'2) (P(fl,l'g)

:/ dé-l/d§2JTG(t,gl,é-Q)f;l@(é—l,xg)
Ra-1 R

Proposition 3.1. For (t,x3) € R, x R, define Gi(t,-,x2) = Fy *Li(t,-, x2), or,
equivalently, F1G1(t,,x2) = Li(t,-,22). Then Gi(t,-,22) € OL(R?) and for
p € S(RY),

(3.7) <ﬂ&@=4wﬂ&wwﬁﬂww-

Proof. Using the definition of G; and (3.0]), we see that the right-hand side of (371
is equal to
/dxz /d & Li(t &1, m0) Fyhp(r,m0) = (FAG(), Fi ')
R R~
= (G(t),9).

This establishes [B.7), and so Gy(t,-,x2) is a distribution on R?~! with compact
support in By_1(0,t). Therefore, G(t,-,x2) € OL(R?"!), and this completes the
proof. O

According to Proposition B for fixed ¢t € Ry and 2o € R, G1(t,-,z2) can be
interpreted as the restriction (or trace) of G(t,-) to the hyperplane R?~! x {z,}.

Example 3.2. Let By(z,r) denote the open ball in R? centered at z with radius
r. In the case a = b = 0, (B is the wave equation, and it is well known [I5, Thms.
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5.15 and 5.17] that the Green kernel is given, for d even, by
1o \N? dy
G = aliy) [ e
5 0s Ba0,1) /1= [yl

1o \N? !
RO Yy A
8§08 -1 Ba_1(0,4/1—y2)
1

(51, 5Y2) |
V1=y3 =y 1

while for d odd, it is given by

N(d)
(G(s),p) = Cu (%%) [s‘” /BB on a(d’(dy)w(sy)]

N(d) 1
() e [
s 0s 1 8B4—1(0,/1-13)

oD (dyy) p(syn, syz)l ,

where N (d) = [(d—2)/2] (vesp. [(d—3)/2]) when d is even (resp. odd), 0@ is (d—1)-
dimensional Hausdorff measure, and Cy is a constant. Therefore, for |z2| < 1 and
d even,

<G1(57 *y 8332), 90(7 8.732)>
Cy (1 a)N(d) d_l/ 1
. S dy]_ — 2 Sylast) )
s \ s0s Ba_1(0,4/T—22) V1—23— |y |? (
and for d odd,
<G1(53 ) 5$2), 90(3 5$2)>
Cy (1 0\ND
: (——) s | oD (dyr) p(syr, 522) |
s Os 33(171(07\/@)
Our main results will be based on the estimates in the next three lemmas.

Lemma 3.3. For all t > 0, there exists C(t) > 0 such that for all s € [0,t],
& € R and 25 € R,

S

)2 S C(t) 1 1 .

VITIaP Vo2 —ag el <sl
Proof. For fixed t > 0, for £ bounded and for all s < t and x5 € R with |zs| < s,
the right-hand side of (B8] is bounded below by a positive constant and the left-

hand side is bounded above. Therefore, it suffices to prove [B.8)) for |¢;] sufficiently
large, all s < t and xo € R with |z2| < s. In this case,

(38) .7'—1G1 (S,gl,l‘g

672a5
e = 7 (Vlarto-a) - a)) 1 <y
e2a7t C 1

< 1
= T4 JlaP+b-a? /2 —a3 Url<s)
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by ([C2), where a~ = max(—a,0). The conclusion is now clear, since

2VlaP+b—a? > Vi+aP
for |£] sufficiently large. O

Lemma 3.4. (a) For all t > 0, there exists C(t) > 0 such that for all & € R4~!
and x5 € R* := R\ {0},
t t
\/% arccosh (@> 1{|x2| <t}
(b) For all t > 0, there exists C(t) > 0 such that for all & € R¥™! and 24 € R,
1+In(1+ &)%)
V1t &l

Proof. (a) We obtain (3.9 by integrating in s both sides of (B.8]).

(b) For fixed t > 0, the left-hand side of (310) is a continuous function of
&1, which is therefore bounded above for all x5 and |¢1] bounded. On the other
hand, the right-hand side is bounded below by a positive constant for |£;| bounded.
Therefore, it suffices to check BI0) for |£;| sufficiently large. In this case,

¢
(3.9) / ds F1G1(s,&,22)* <
0

t
(3.10) /O ds F1Gh (5,1, 22)2 < C(1)

t
/ ds .7:'1G'1(S7 51, l‘g)z
0

t e—2as ) 5
- [as S (Viako-a) =) 10, <
C et /t 1
< — ds 1 ’
T e VI (@P+b-a) (7 —a3) mel<t)
by (C2)). Using the formula

(3.11) ds =In(s + v a+ s?),

| =

we find that

¢
/ ds F1G1(s, &1, 12)?
0

C 207t t+\/m+t2—l‘g

< In 1 .
V |§1‘2+b—a2 |x2‘+7/\€1\21+ﬂ {|$2|<t}

This last expression is maximum when zo = 0, in which case it is bounded above
for |&;] large by the right-hand side of (BI0). O

Lemma 3.5. (a) For allt > 0 and z2 € R such that |z2| < t, there exists C(t, z2) >
0 such that for all & € RI™1,

C(t,x2)
VIHIGPr
(b) For allt > 0, there exist C(t) > 0 such that for all & € R~
In(1+ &%)

VI+tlaP:

t
(3.12) / ds FiG1(s, &1, 02)° >
0

(3.13) /Ot ds F1G1(s,&,0)* > C(t)
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Proof. (a) For fixed ¢ > 0 and x2 € R, the left-hand side of BI2) is a positive
and continuous function of |£1], which is therefore bounded below by a positive

constant for [£;] bounded. On the other hand, the right-hand side is bounded
above. Therefore, it suffices to prove [BI2)) for |¢;]| sufficiently large. In this case,

t
/ dS flGl(saé-th)z
0
t —2as
= [Las S (VisP - =) 1 <
—2att t
o [ e (Visr ey ).

w2|

Y

where a™ = max(a, 0). Use the change of variables r = /(|1 [2 + b — a?) (s2 — 23),
so that
rdr r dr

" s (@l ro—a?) T (&GP +b—a?)
and set R = /(|&1]2 + b — a?) (2 — 22) to see that

ds

_9qt
eZat

t 1 R
ds F1G1(s, &1, x0)% > / drr J2(r).
/0 1G1(s, &1, 22) T Pl A o(r)
Since R > 1 for large |£1], we obtain using Lemma that for such &,

Ce ™t VGP+b—a?) (P~ a3)
4t €12 +b—a?
C(ta ZZ)

VI+a?

t
| as G 6?2
0

This completes the proof of (a).

(b) For fixed t > 0, the left-hand side of (BI3]) is a continuous and positive
function of &, which is therefore bounded below by a positive constant for |&]
bounded. On the other hand, the right-hand side of (I3]) is bounded above.
Therefore, it suffices to check BI3)) for |£;| sufficiently large. In this case,

t e—zcﬁt t
/ ds F1G1(s,£1,0)% > / ds J? (s \/|§1|2+b—a2>
0 4 0

e—2att t /€12 +b—a?
= dr J§ (),
[&1f* +b—a®

by the change of variable r = s4/|£1|2 + b — a?. By Lemma [C2] the integral is
bounded below by

cln(t v/|&1|> + b — a?),
which yields (B13). O

4. SOLUTIONS TO THE LINEAR S.P.D.E.

The most classical notion of solution to (ZI2)) is the notion of weak solution: a
weak solution of [ZI2)) is an adapted process (u(t), t > 0) with values in S’'(R?)
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such that for all t > 0 and ¢ € C5°(R?),

(200420 200 b)) - Bul ) = (B o(.0) P -as

It is well known (see for instance [7}, B0, [32]) that the unique weak solution to (212))
is given by the formula
(4.1)

(u(t), @) = /[0 o M9 02) (G =)+ )(@,0), 1R SEY,

where G is the Green kernel of equation (31, whose properties are listed in Section

Bl

Remark 4.1. Note that we could intepret the noise term as a boundary term, and
therefore consider that (41]) is the weak solution of the following equation in the
upper half space:

0%u ou

w(t, x) + 2a a(t,x) +bu(t,x) — Au(t,xz) =0, (t,r) € Ry x RT1 x R,
with the stochastic boundary condition

ou .
a—xg(t,xl,O) = F(t,xl)

Indeed, this problem leads to the same weak formulation as ([@I).

In many contexts, stronger notions of solution than that in (£I]) are useful. We
shall examine two such notions defined in Sections [£.1] and below: function-
valued solutions and random field solutions. We shall see that the conditions for
existence of a function-valued solution and of a random field solution are not the
same)!

4.1. Function-valued solutions. A function-valued solution to ([2I12) is an
adapted process (u(t), t > 0) with values in L? (R%) such that

loc

o | dru(t)(@)e(@), peCERY), t20,
Rd
coincides with the weak solution (&) of (2I2). This type of solution is often
considered in [9]. Note that for fixed ¢t > 0, u(t)(z) need only be defined for almost
all x € R?. We shall show that a function-valued solution exists if and only if the
following condition is satisfied.

Assumption Bj.

pds)
Ri-1 /1 + |&1

A reformulation of this condition into a condition on the covariance of the noise
is given in Appendix[Al Note that this condition is stronger than that needed for
the equation driven by spatially homogeneous noise on R? (see [5} [I7], or even [L1]),
for which the square root does not appear. This is to be expected since our noise
is concentrated on a hyperplane, which makes it more singular than noise spread
out over R%. We point out that Lebesgue measure on R?~! (which is the spectral
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measure of white noise on R4~1) does not satisfy this condition for any dimension
d>1.
We begin by establishing two lemmas.

Lemma 4.2. Under Assumption By and for (t,x1,72) € Ry x RITL x R*, the
function ¢p.zy 2y ¢ [0,t] — OL(RIL) defined by

Ot ar,22(8) = G1(t — 8,1 — -, 22), s € 1]0,1],
belongs to Hy.
Proof. Notice that

F1¢t,2y,25(5,61) = F1G1(t — 5, €1, 72) Xay (€1)-

Thus, for all s € [0,t], F10t.2,.2,(5,-) € Orr(RIL) (see Section 21)) and this implies
that ¢, 2, (5,+) € OR(RY™Y), by [Z3). Moreover, Fi ¢y 4, «, is a Borel-measurable
function and using Lemma [34fa) and Assumption By, we obtain

t
16t,010all; = /d M(dfl)/ ds F1G1(t — s, —&1, 12)°
Rd—1 0

f(dgy) t
BN TV h{— )1 < 00,
- *1 n |£1|2 arccos ‘.’1,‘2‘ {‘$2| < t} (0.¢]

since x5 # 0. With the change of variables s — ¢ — s, (22I)) is implied by

(4.2) < C)

¢

(4.3) lim/ ds/ p(d&)  sup  |F1Gi(r, =&, xa) _f1G1(37§17x2)‘2 =0.
h10 Jo Rd—-1 s<r<s+h

Fix & and s # |za|. If s < |z2|, then for h sufficiently small and r €]s,s + hl,

r < |2, so the integrand in ([43)) vanishes. For s > |xo| and r € ]s, s+ h[, 7 > |x2],

so the integrand is equal to

sup
s<r<s+h

e (lero-aie—a)

2

- (gl ro-a) )|
where J(r) is either Jy(r) or Io(ir). By uniform continuity of J, this expression
converges to 0 as h | 0. Therefore, the integrand in (£3)) converges pointwise to 0,
for a.a. & and s.

In order to apply the dominated convergence theorem, we note from Lemma [3.3]
that

sup | FiGy(r,—&1,m0) — Fi1G(s, —&r, 29)]?
s<r<s+h

C 1 1
—1 T s sSup +
VIR 1 (wz —[a3] /52— |xa|>
C

2
1 To|<S|*
VI+[E2 /52— [a3] 1<

By Assumption By, this last expression is ds x u(d€;)-integrable, so the dominated
convergence theorem applies and ([A3]) is proved. The conclusion now follows from
Theorem 2.3 O
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Lemma 4.3. Let M be the worthy martingale measure defined in Section 25l
Under Assumption By, the real-valued process X = {X(t,x1,x2), (t,x1,22) € Ry X
R~ x R*} defined by

X(t,z1,29) = / M(ds,dy1) G1(t — s,x1 — y1,T2),
[0,t] xR4—1

(t,x1,22) € Ry x RI™L x R*,
is a centered Gaussian process whose covariance is given by

(4.4)
]E(X(ta L1, 1‘2) X(57 Y1, yQ))

tAs
= / M(dfl)/ dr F1G1(t — 1, =&, m2) F1Gi(s — 7, —€1,92) Xay—y, (€1),
Rd-1 0

and such that the map (t,x1,12) — X (t,x1,x2) is continuous from Ry x R~ x R*
to L*(Q).

Remark 4.4. This result and [23] Prop. 3.6 and Cor. 3.8] imply that the process X
admits a modification X such that the map (¢, z1, z2,w) — X (t, 21, T2, w) is jointly
measurable. We will implicitly consider this modification in the following.

Proof. of Lemma3l By Lemma [£2] the process X is well defined. The fact that
X is a centered Gaussian process with the covariance given in ([£4) follows easily
from the isometry [2.20)), and since p and F; G are symmetric in &, ([@4) is equal
to

tAs
/R M(d€1>/ dr FiG1(t —r, =&, 22) FiGi(s — r, =1, 92) cos(§1 - (21— 31)),
d—1 0

so X is real-valued.

In order to show that the map (¢, z1,22) — X(t,21,22) is continuous from
R, x R™L x R* to L2(€), we show that for all T > 0, it is continuous from [0, T x
RI~1 x R* to L%(f2), showing first that the map xo +— X (¢, 21, 72) is continuous in
L?(Q) uniformly in (t,21) € [0,T] x R4"1 then that for fixed zo € R*, the map
x1 — X (t,21,22) is continuous in L?(Q2) uniformly in ¢ € [0, 7] and finally that for
fixed (z1,72) € R4~ x R*, the map ¢ — X (t,x1, ) is continuous in L2(12).

Let x5, y2 € R*. Using the isometry (Z20) (or ([&4))), we obtain

sup ]E((X(t;xlayQ) 7X(t?xl,$2))2)
(t,z1)€[0,T]xRd—1

T
(4.5) < /}Rd_1 M(dfl)/o dr (F1G1(r,—&1,y2) — F1Ga(r, —&1,22))2.

We will show that this expression converges to 0 as yo — xzo. First note that for
each &, € R and r # |z2,

(FLGy(r, =1, 52) — F1G(r, —€1,12))2 — 0.

Y2—T2

Moreover, since F; G is bounded on [0, 7] xR4~! xR, we obtain from the dominated
convergence theorem that

T
/ dr (FiG1(r, —&1,92) — F1Gi(r, —€1,22))2 — 0.
0

Y2—T2
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But for € € ]0, |z2|[ and |y2 — 22| < &, we obtain by Lemma B.4(a) that
(4.6)

T
/ dr (FiG1(r, =&, y2) — FiGi(r, &1, 22))?
0
2 C(T)

< h T 1 + h r 1
= ,71 T |€1|2 arccos |y2| {|y2‘ < T} arccos ‘x2| {|$2| < T}

2 C(T)

< 20 w1\
= ﬁ n |£1|2 arccos |x2| . {|x2| —e< T}
T
+ arccosh (:c—2|> 1{|x2| < T}) )

since |ya| > |x2| — €. Therefore, by Assumption By and the dominated convergence
theorem, (@A) converges to 0 as yo — xa.
Now, let 21, y; € R¥~! and 2o € R*. By (&4]), we have

sup E((X(ta Y1, LEQ) - X(t7 T, 372))2)
t€[0,T)

T
@n < [ ) [ FG a2 (1 coster - (n = 0)).

The integrand in (@7 converges to 0 as y; — x1, so for fixed & € R4™1) the
inner integral does too since F;G is bounded on [0,T] x R4~ x R. By Lemma
B4(a), which applies since zo # 0 and Assumption By holds, we conclude from
the dominated convergence theorem that the expresssion in (7)) converges to 0 as
Yy — T1.

Finally, let t,h € Ry, 71 € R¥~! and x; € R*. From (&4]), we obtain

E((X(t+ h, 1, 32) — X (t,21,72))?)

t
(4.8) = /Rd_l N(dﬁl)/o dr (FiG1(r + h, —&1,12) — F1G1(r, —&1, 72))3

h
@o o+ [ ) [ FG g~

By (43]), the expression in ([£])) converges to 0 as h — 0. On the other hand, from
Assumption By and Lemma[34)a), which applies since 2o # 0, the integral in (£9)
converges also to 0 as h — 0, and this shows the right-continuity in ¢ of the process
X (in L?(€2)). The left-continuity follows in the same way, and this completes the
proof. O

With these two lemmas in hand, we can now prove the following theorem.

Theorem 4.5. There exists a function-valued solution (u(t), t > 0) to equa-
tion ZI2) if and only if Assumption By is satisfied. In this case, u(t)(zy,z2) =
X(t,w1,22), 22 # 0, 21 € R s the function-valued solution, where (X (t,x1,2))
1s defined in Lemma B3l

Proof. Let us first suppose that Assumption By is satisfied. Let X be the process
defined in LemmalE3} it is continuous in L?(Q) on Ry x R?~! x R* and is a centered
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Gaussian process whose covariance is given by ([@4). Set u(t)(x1,z2) = X (¢, 21, z2),
x9 # 0, 21 € RY. Observe that for fixed ¢t € Ry, we have by (&4),

t
E(X(t,a:l,xz)z):/ p(d{l)/ ds F1G1(t — s, —&1, 20)%.
Rd-1 0

By Lemma [B4)a) and Assumption By, this is bounded above by

: 1
(4.10) C(t) arccosh <|x2|> Yiaal < 4} o201 (|x2|> '

This is integrable in the neighborhood of 3 = 0, so a.s., u(t) € L} (R).
We now prove that for ¢ € S(R?),

(4.11) (u(t), ) = dx u(t)(z) ¢(z), P—a.s.,

Rd
where (u(t), p) denotes the right-hand side of (41]). By Lemma 3] and Remark
€4 the integral on the right-hand side of [@II]) is well defined. We show that both
sides of ([LII]) are equal P-a.s., by showing that both their variances are equal to

their covariance. By (@1]) and ([220)),
2)

E([(u(t), ¢)I*)

E (‘/ M(ds,dxy) (G(t — 8) x p)(21,0)
[0,£] xRd—1

- / (dey) / ds | F1 (Gt — 5) % 9)(€1,0)°.
Rd—1 0

Since F; = F, ' F and F(G * H) = FG - FH,
Fi(G(t = 5)x9)(61,0) = Fy '(FG(t—s) Fp)(&,0)

(4.12) = % /Rd& FG(t—s,&,8) Fo(&r, &),
SO
(4.13)
t 2
B o) = [ wtag) [ as |5 [ des PG 61,6 Feter.

On the other hand, by Fubini’s theorem and (4.4,
2
— [ do [ dyBX(t0) X(t.0) () 70
R¢ R4

(4.14) _ /]R plder) /0 s

/d dxy / dzo F1G1(t — s, —&1,x2) Xe, (21) (21, 22)
Rd—1 R

By definition of GGy, the double integral inside the modulus is equal to
(4.15)

/de flGl(t_Sa _617$2) —7'—1‘»0(51»$2) = 2i / d§2 fG(t_87 _517 _62) f@(€17£2)7
R T JR

/ dx X (t,z) o(x)
Rd

2
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which is equal to [@I2), so (I3) and (@I4) are equal. It remains to compute,
using Fubini’s theorem, (@) and ([220), the covariance

(4.16) E <<u(t),<p> : /R dr X(t,2) cp(x))

Rd—1 0

Rd

dx F1G1(t — s, —&1, 2) Xe, (21) ¢($)>~

Using calculations (@I2)) and (£I5), we obtain that the two factors in the last
integrand are equal, so (£10) is also equal to (£I3) and (@I4). This proves ({11
and therefore the sufficiency of Assumption Bj.

Let us now prove the necessity of Assumption By. We assume that there is a
process (u(t), t > 0) with values in L? (R?) that satisfies (@II)). For (t,x1,22) €
R, x R4~ x R such that |zo| < t, let npgf?m = O(ay,20) ¥ Un € S(RY), where (v,,) is
a sequence of non-negative and compactly supported approximations of §y in R
The assumptions made on u and Fubini’s theorem imply that

)
(n)
1

Py \To (yl, y2) 5050??12 (Zla ZQ)'

(417)  E(/(u(t), o{1,) %) =E (

/d dy1 dyz u(t)(y1, ye) soé’f?zz (Y1, 92)
R

:/ dyy dy2 / dz1 dzy E(u(t)(y1, y2) u(t)(z1, 22))

By the Lebesgue Differentiation Theorem [31, Chap. 7, Exercise 2], this converges
as n — oo for a.a. z to E(u(t)(x)?) < cc.

On the other hand, replacing ¢ by go(x??m in [I3) gives
E(|(u(t), 00,017

= /R(H M(dﬁl)/ot ds

Let us then compute

2

%/}Rdﬁz FG(t—s,&1,6) Fol,, (61,&)

1
@18) oo [ de FG(t - 5.61.60) Fol, (61,60)
T JRrR
= / dys FAG1(t — 8,81, —y2) fl@éﬁ?mz (&1, 92)
R

= /d dy1 / dys F1G1(t — 8,&1, —y2) Xe, (Y1) %055711?@@173/2)
R R
- flGl(t_Safla_x2) le(é-l))

n—oo
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for all (s,&;) € [0,¢] x R¥~! such that s # t — |x3]. Fatou’s lemma and Lemma
B5(a) then imply that

t
liminf B u(t), 00,07 = [ () [ ds FG(t 5,60’
n—oo Rd—1 0

p(déy)

Ri-1 /1 + &2

Since the above liminf is a finite limit for a.a. (21, z2) by (£I7), Assumption By is
satisfied, and this completes the proof. (I

Remark 4.6. 1f E(X (¢, 71, 22)?) behaves as ln(‘ ‘) for xo — 0, as (£I0) suggests,
then the process X cannot be continuously extended to the hyperplane x5 = 0. In
the next section, we shall see that a stronger assumption on the spectral measure
1 is needed to ensure that a continuous extension to the hyperplane zo = 0 is
possible.

> Cg(t,x2)

4.2. Random field solutions. In this section, we consider a third notion of so-
lution: a random field solutz’on to [212) is an adapted process (u(t,z), (t,x) €
R, x R?) such that (¢,z) — u(t,z) is continuous from R, x R? into L2(12), and

(4.19) ® .—>/ dxu(t,x) o(x), @ € C(RY), t >0,

coincides with the weak solution of (Z12]).

Note that if (u(t), t > 0) is a function-valued solution, then w(¢)(x) is only de-
fined for a.a. x, and there is no continuity requirement on the map = — u(t)(z),
whereas such a continuity requirement is specified in the notion of random field
solution. We shall show that the existence of a random field solution is equiva-
lent to the following condition on the spectral measure p, which is stronger than
Assumption By.

Assumption Bj.

In(1+ [&%)
d — > <0
/Rd—1 p(déq) ,71+|£1|2 <

Note the extra logarithmic factor in this assumption compared to Assumption
By. In Example below, we give an example of a spectral measure p which does
not satisfy Assumption B} but does satisfy Assumption Bj.

We shall need the following lemma, which is analogous to Lemma The
crucial distinctions are that Assumption By is replaced by Assumption Bj) and the
conclusion is now valid even for x5 = 0.

Lemma 4.7. Under Assumption B}y and for (t,x1,72) € Ry x R¥™! x R, the
function ¢y 4y o, ¢ [0,t] = OL(RIL) defined by

Ptoay a5 (8) = G1(t — 8,21 — -, w2), s €[0,1],
belongs to Hy.

Proof. We shall show that ¢; 4, », € H; by using the definition of this space (see
the end of Section 2.6]). Therefore fix (t,21,72) € Ry x R¥™! x R. As in the proof
of Lemma B2 note that for all s € [0,¢] and & € R~

-7:1¢t,ml,r2 (Sagl) = flGl(t - S, 751,1'2) Xz (51);
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and that ¢z, 2,(s,") € OL(R¥™1). Moreover, Fi; y, 2, is a Borel-measurable
function and using Lemma [34(b) and Assumption B, we obtain

t
6emisl} = [ ) [ ds FiGit =5, ~1,0a)"
Rd-1 0

ct) [, ntaey G

V1462

(4.20)

IN

Let us now define

@21) " L (5,51) = (Brarws(s) %1 00) (1), s €1[0,4], y1 € R,

where (1,,) is a sequence of non-negative approximations of §y in R¢~1, compactly
supported in Bq_1(0,1) and which satisfy [,, . dz1 9¥n(z1) = 1. In particular,
lim,, o F1¢n(€1) =1 and |.7:11/)n(£1)‘ <1, for all fl € R4-1,
For each n,
-7:1(7251(52:)1,932 (5;51) - f1¢t,rl,rz (sagl) flwn(fl)a

which implies that

I Gemr s — 67, 12 = /w/ H(dE) | Fidees on (560012 |1 — Frim(€1)2

Using the dominated convergence theorem, which applies since the integrand con-
verges t0 0, |1 — F19,(&1)] < 2 and || 4, 2, ||t < 00, we conclude that

nh—{r;o ||¢t,11,$2 - (b?(f?;)l,ﬂﬂz Ht =0

It remains to check that ¢§Z)hm2 € H, for each n. By ([@2]) and deﬁnition of
qﬁt i flqi)t "1 ., 15 & Borel-measurable function and for all s € [0, 1], qi)t s (857) €
S(R41), since ¢y oy 2,(8,-) € OL(RIL). The last condition to be verified is that
1657, o lles < 00

The definition of ¢§j;)1,x2 implies that for all s € [0,¢], qﬁt . xz( -) is com-
pactly supported, and therefore belongs to C§°(R%~1) and so does ¢t7w17w2(57 1) *q
A (s,+). Moreover, since supp G(s,x1—-,T2) C Bg_1(0, |z1|+t) for all s € [0, ]

t,x1,x2

and 5 € R, we obtain that for R = 2(|a1| + ¢ + 1),

SWNﬁxa&ﬂmwzm@wmnza for all 2 € R with |21 > R.
s€[0,t

This implies that

16 2 l/w/' v(dzr) (68,4 (s, )] %1 16 (5,))] (1) < oo,

which completes the proof. (Il

Theorem 4.8. There exists a random field solution (u(t,=), (t,r) € Ry x RY)
to ZI2) if and only if Assumption B{ is satisfied. In this case, u(t,z1,x2) =
X(t,x1,x2) is the random field solution to [2I2), where X is defined as in Lemma
@3], but for all (t,x) € Ry x R
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Proof. Suppose that Assumption B in satisfied. Then the statement of Lemma
remains valid for all x5, though the proof must be modified as follows. First, by
Lemma A7 the process X is well defined for all 25 € R and z; € R%™!, and (&4)
holds.
The L?-increments of X can be estimated as follows. Let us first consider o,
yo € R. We express
sup E((X(t,21,92) — X (t, 21, 22))*)
(t,z1)€[0,T]xRI—1
as in (£X). Using the dominated convergence theorem twice as in the proof of
Lemma [£3] but applying this time Lemma B4(b) and Assumption Bj, for (£4]), we
obtain that the above expression converges to 0 as ya — xo.
Now, let 21, y1 € R4! and 25 € R. We express
sup E((X(t,y1,20) — X (t,21,22))%)
te[0,T]
as in (7). Once again, using the dominated convergence theorem twice jointly
with Lemma B4lb) and Assumption B{j, we obtain that this expression converges
to 0 as y; — 3.
Finally, let t,h € Ry, 1 € R4"! and x5, € R. We write

E((X(t+ h, 21, 32) — X (t,21,72))?)

as in ([A8) and ([@J). Since F1G; is bounded on [0,7] x R4~ x R, the inner
integral in these equations converges to 0 as h — 0. We then use Lemma [B.4(b)
and Assumption Bj) to conclude via the dominated convergence theorem that these
expressions converge to 0 as h — 0.

A similar argument allows us to prove the left-continuity. Summing up these
results gives us the L2-continuity of the process X on R, x R?, then the existence
of a jointly measurable modification.

One now verifies that (£19) coincides with the weak solution of (212)): this is
identical to the proof of ([AIIl). Therefore, Assumption B, implies the existence of
a random field solution to (ZI2]).

In order to prove that Assumption B| is necessary, we also follow the proof of
Theorem Assuming that there is a random field solution (u(t,z)) to (ZI2]), we
have
(4.22) 00 > E(u(t,71,0)*) = lim E(|(u(t). ¢}))*)

n—oo

where np(?) — 0y, 0 in S'(RY). Using (@I3), we obtain that

1,0 n—00
E(|{u(t), o) )
t 1 . 2
:/Rd_l u(d&)/o ds %/Rdgz FG(t —s5,61,6) Foly(61,6)

So by the same calculations as in ([@I8)) and using Fatou’s lemma, we obtain

t
i B((u(t). ) > [ utder) [ ds Gl = 5,600

n—00

By Lemma B.5(b),

t In(1+ l6)
a2 [ i) [ FGi 06,072 [ pia) o) T
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Using (#22)), we conclude that Assumption By is satisfied, and this completes the
proof. O

Example 4.9. We give here an example of a spectral measure that satisfies As-
sumption By but not Assumption B, for which the function-valued solution to
[@I2) cannot therefore be extended continuously to x5 = 0.

Let d = 2 (so that p is a measure on R) and describe u by its density ¢ given by

$(r) =3 gr it r e [0,€], 6(r) =In2(r) if r € [e, 00,

and ¢(r) = ¢(—r) for r < 0. One can easily check that p satisfies Assumption By,
but not Assumption BY.

We now check that the corresponding covariance I' = Fj i is a non-negative and
non-negative definite measure. Clearly, u is a non-negative tempered Borel measure
on R, so I' is a tempered non-negative definite distribution by the Bochner-Schwartz
theorem [28, Chap. VII, Thm. XVIII]. In order to show that I" is a non-negative
measure on R, observe that ¢ is continuous, decreasing and convex on [0, o[, so
by Polya’s criterion (see for example [13] §2.3.d]), ¢ is a (symmetric) non-negative
definite function on R. By the classical Bochner theorem, this implies that I' is a
non-negative finite measure on R. Therefore, the spectral measure p defined above
is indeed a relevant example.

Remark 4.10. One can ask about existence of function-valued solutions or random
field solutions to the stochastic heat equation driven by noise on a hyperplane, that
is,
(4.24)

ou .

E(t,x) — Au(t,z) = F(t,x1) 0o(x2), teR,, v = (71,72) € R X R,
u(0,2) =0, r € R

For this parabolic s.p.d.e., the conclusions are completely different from those of
Theorems and 8] (this contrasts with the spatially homogeneous case [B] 26]).
Indeed, in this case,

G(t,z) = e lP/CO Gyt 2y, 1) = Gt 1),

1
(2mt)d/2

and

1 2
fG(t, 5) = eit|£‘2/2a flGl(t, 51, $2) = €7t|€1‘2/2 — €7w2/(2t).
V2rt

Defining ¢y 5, «,(s) as in Lemma 2] one sees that the integral arising in {.2)) is
equal to

t
1
4.25 d ds e~slaal” = g=wi/s,
(4.25) [ty [Caseier e
When [£;| > 1, we have

¢ 2 1 2 e 2 1 2 1
/ ds el6l o=t/ g/ ds =6 L o=irs = L e o001 161)),
0 TS 0 27s m
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by [3, formula 1.5.34] (where Kj is the zero order modified Bessel function of the
second kind defined in Appendix [C)). When |£;| < 1 and x5 # 0, we have

¢ t
/ ds e~slal’ € e~/ < / ds 1 e /% < 0.
0 2ms —Jo 2ms

Using these two estimates, ([C.6)) and the fact that y is a tempered measure, it is not
difficult to see that (£25)) is finite for xo # 0 and therefore that a function-valued
solution to @24) always exists. This is compatible with the result of Sowers [29].

On the other hand, carrying out the computation in (£23]), one finds that the
left-hand side of (£23) is infinite, no matter the measure p, because the ds-integral
is already infinite. It is not difficult to conclude from this that a random field
solution to ([{24)) never exists.

5. NON-LINEAR EQUATION DRIVEN BY NOISE ON A HYPERPLANE

In this section, we shall extend the result of Theorem L8| to establish the exis-
tence of a random field solution to a non-linear form of equation ([212]). We shall
need the following assumption.

Assumption Cj.
(i) The covariance I' of the noise is a non-negative measure on R4~1,
(ii) d € {2,3} and a® > b.

Part (ii) of this assumption implies that the “hyperplane” xzo = 0 is either a
straight line or a plane, and from the expressions of G listed in Appendix [B] we
see that for all ¢ € Ry and zo € R, G(t,-,x2) (defined in Proposition B is a
non-negative measure on R?~!. These non-negativity assumptions are needed to
use Theorem 2.2] which we shall do repeatedly in the following.

Consider the following formal non-linear equation:

(5.1)
2
%(t, )+ 2a %(t, )+ bu(t, ) — Ault, z)
= g(u(t,z1,0)) do(z2) + h(u(t,z1,0)) F(t, 1) do(z2), teR,, v €RY,
u(0,z) = g—?(o,z) =0, r €RY,

where g and h are real-valued functions and F' is the noise concentrated on the
hyperplane xo = 0 considered in Section 2.4l Note that we consider vanishing
initial conditions, but this can be improved; see Remark [5.3]

The integral formulation of (5.1J) is

¢
u(t,xy,x2) = / ds G1(s,dz1,x2) g(u(t — 5,21 — 21,0))
0 Rd—1
(5.2) +/ M(ds, dz1) h(u(s, 21,0)) G1(t — 8,21 — 21, x2),
[0,6] x Rd—1

P-a.s., for all (t,71,22) € R, xR4™1 xR, where M is the worthy martingale measure
defined in Section The stochastic integral is interpreted as in Section A
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jointly measurable adapted process u = {u(t, ), (t,z) € Ry x R?} which satisfies
[(B2) is termed a mild solution of equation (B.J).

When g = 0 and h = 1, the solution of (&) is precisely the random-field
solution of equation ([ZI2), which is well defined on R, x R? (see Theorem EJ))
under Assumption Bj. The following theorem extends this to the non-linear case.

Theorem 5.1. Under Assumptions B, and Cy, and if g and h are globally Lipschitz
functions, then there exists a unique mild solution u = {u(t,z), (t,z) € R, x R?}
to equation (B.1). Moreover, the map (t,x) — u(t,z) from Ry x RY to L?(Q) has
the continuity property

(5.3) lim E((u(t+ h,y1,y2) — u(t, z1,22))%) = 0,
hl0,y1—z1, ly2|T]z2]

for all (t,x1,72) € Ry x R™Y x R. Further, for all T > 0,

(5.4) sup E(u(t, z)?) < oc.
(t,z)€[0,T] xR
We will need the following lemma on the behavior of F1G1.

Lemma 5.2. For all t > 0, there exists C(t) > 0 such that for all s € [0,t] and
51 € Rd717

C(t
1+ [6]2(s* — 23))

Proof of Lemma[B2 Since F1G1(s,&1,22) = eV SZ_m%_S)}]Gl(\/SQ —3,£1,0),
it suffices to prove (B.H) with z2 = 0. In this case, the left-hand side of (&3] is a
continuous function of (s, &), which is therefore bounded above for |£;| bounded
and s € [0,¢t]. On the other hand, the right-hand side of (&.3]) is bounded below for
such & and s. Therefore, it suffices to check (&3] for s € [0,¢] and |&;| sufficiently
large. In this case, by (3.H) and (C2),

— |0 (VIaF+o=a% 5)|
- et ! C

2 1+ (&P +b—0a?) s?)

There is ¢ > 0 such that for |¢;| sufficiently large, |1 +b — a® > ¢|£1]?, and this

leads to (B.5). O

(5.5) |F1G1(s,&1,22)] <

T L{jas|<s}-
4

e

|F1G1(5,61,0)] =

Al

With this tool in hand, we can now prove the theorem.

Proof of Theorem 5.l Let us consider v(t,z1) = u(t,z1,0), (t,z1) € Ry x RI7L
Equation (5.2)) evaluated at x2 = 0 gives the following (closed) equation for v:

¢
v(t,x1) = /0 ds /Rd_1 G1(s,dz1,0) g(v(t — s,21 — 21))
+

(5.6) / M(ds,dz1) h(v(s,21)) G1(t — s,21 — 21, 0).

[0,t] xRa—1
Although Gi(-,-,0) is not the Green kernel of any “standard” partial differential
equation in R, x R?~1 the above equation is of the type of those studied in [5],
and we can therefore apply Theorem 13 of that paper. This reference applies (see
[6]), since for all t € Ry, G1(t,-,0) € OL(R?1), (by (ii) of Assumption Cj), since
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for all & € R4™1, the map t +— FyG4(t,£1,0) is continuous (by (3:5)) and, finally,
since for all ¢ > 0, there exists hg > 0 and k& : [0,¢] — O (R4"1), such that for all
s €1[0,t], h € [0, ho] and & € RI~L,

(5.7) |F1G1(s + h, €1,0) — F1G1(s,€1,0)| < Fik(s, &),
and
(5.8) /O ds /RH 1(d) Fik(s, )2 < 00

Indeed, by Lemma[5.2] it suffices to let k be the distribution-valued function whose
Fourier transform is given by
2C(t)

P8 = st

Then (1) clearly holds, and for all s € [0,], Fik(s, ) € Op(R™1), so k(s,:) €
O (R?~1) by (Z3). Moreover, k(s,-) is a non-negative distribution on R?~! since
when s = 0, k(s,-) = 2 C(t) dp(+) which is non-negative, and when s > 0, by (A.2)),

bls) = Clt) s 020 Ky (12 e 23,

where K, is the modified Bessel function of order v of the second kind, which is
non-negative on R (see Appendix [()). By using formula (B.I1), we obtain that

/otds /R uldr) Fik(s,6)® = / dS/JRdl 145(('21')

69) < ) [ wagy RO

VIHaP
which is finite by Assumption Bj). Therefore, (58] is proved.

Theorem 13 of [5] now states that there exists a unique jointly measurable
adapted process v which satisfies ([B.0). Moreover, the law of v(t,z1) is stationary
in 2, and the map (¢, 1) — v(t,z1) from Ry x R~! to L2(1) is right-continuous in
t and continuous in x1 (note that the right-continuity in ¢ is uniform in z; € R¢~1).
Further, for all T > 0,

(5.10) sup E(v(t,z1)?) < o0.
(t,z1)€[0,T]xRI—1

It follows that w(t,x1,0) = v(t,x1) gives the solution of equation (5.2]) on the

hyperplane x5 = 0. For zo # 0, let us now define u(t, z1,x2) by

t
u(t,xy,x9) = / ds/ G1(s,dz1,x2) g(v(t — s,x1 — 21))
0 Ra-1
+ (Gt — a1 — -y m2) - MM,

which is not anymore an equation, since (v(t,z1)) is now a given process (note
that since Gy(t — -,x1 — -, x2) is non-negative, ||G1(t — -, z1 — -, z2)|¢ < oo and
Z = h(v) satisfies conditions (218) and (ZI7), the stochastic integral is well defined
by Theorem [22]).

With u so defined, it is clear that u satisfies equation (B2) and that it is the
unique process to do so. Moreover, it satisfies (0.4]) and admits a jointly measurable
modification since it satisfies the continuity condition (5.3)), as we now prove.
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To this end, write
’U,(t, x1, l’g) = A(tv X1, .’EQ) + B(ta X, .’EQ),
where
t
A(t,z1,22) = / ds G(s,dz1,x2) gv(t — 8,21 — 21))
0 Rd—1

and
B(tax17x2> = (G(t — T — -,$2) . Mh(v))t.

We first verify the L2-continuity property (5.3)) for the process B. Notice that for
29 = 0, this reduces to the continuity property of v(¢,z1), which has already been
established. For x5 # 0, we assume without loss of generality that x5 > 0, and
fix (t,x1,22) € Ry x R?=1 x R such that x5 < t. According to the formulas in
Appendix B,

t o

B(t,xl,xQ):/ M(ds,dz1) h(v(s,21)) G1 ( (t—s)2—a3, z1 — zl,O) .
0 Rd—1

Therefore, for h > 0 and 0 < ys < xa,

B(t + haxlayQ) - B(t,$1,$2) = Bl + BZa

where

B, = / M (ds,dz1) h(v(s, 21) ( \/t—l—h—s —yg,x1—21,0>
Rd—1

_Gl< t—S _x27xl 21, ))7

t+h— Y2
By = / M (ds,dz1) h(v(s,21)) \/tJrhfs —y3, x1 — 21,0 |.
t Rd—1

By 2.19),
t—xo
) = [ s [ e faGs (Ve g-600)

(5.11) —]-"1G1( (t— 5)? — a2, 6y, )

2

9

t
G2 BED = [ [ O et

. .7:1G1 <\/(t+h—8)2 —yg,—gl,O)

The integrand in (B.IT]) converges pointwise to 0 as h | 0,ya T 22, and, according to
(5.7, is bounded above by Fik(+/(t — s)2 — 23, —&1). Since k > 0, the inequality

2
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in Theorem is valid with ¢ replaced by k, so we conclude that

2

/ ds/ h(v) (d&y) Fik ( (t —s)2 — 22, £1>
t—xo 2
o[ Tas [ utae mr(\e-or-id-a)

Now proceed as in (B9) to conclude, by Assumption Bj, that the right-hand side
is finite. Therefore, the dominated convergence theorem applies, and we conclude
that E(B?) — 0 as h | 0 and y2 T x2. The convergence is uniform in x; since the
right-hand side of (5I1]) does not depend on x;.

Since GG; is a non-negative distribution, a similar dominated convergence argu-
ment shows that E(B3) — 0 uniformly in 21 as h | 0 and y» T xa. Therefore,
B(t+ h,z1,y2) — B(t,x1,72) in L? uniformly in 21, as h | 0 and yo T 22.

In order to check (B3] for the process B, it remains to show that for (¢, z2) fixed,
B(t,y1,x2) — B(t,x1,72) in L? as y; — 1. By @19),

(5.13)  E((B(t,y1,22) — B(t, 21, 22))?)

t
= / ds Pt (dér) |FLGa(t — 5,61, w0)” - [1 — S 072,
0o Jra-

The integrand in (G.I3]) converges to 0 pointwise as y; — x1 and is bounded above
by 4|F1G1(t — s,—&1,29)|%. Since G is a non-negative distribution, we use the
inequality in Theorem and (B.I0) to conclude that

/ ds/ pP O (de )| FLGL(t — s, —&1, x9) |2

t
<C [ds [ nag)FGE - s 6w
0 Rd-1

By Fubini’s theorem, Lemma B 4(b) and Assumption By, the right-hand side is
finite. By the dominated convergence theorem, we conclude that the right-hand
side of (.I3) converges to 0 as y; — 1. This completes the proof of (53) for the
process B.

We now verify the L2-continuity property of the process A. Because of the
Lipschitz property of g, (5I0) and the L2-continuity property of v, there is no
special difficulty in checking that for fixed (t,z1,x2), A(t + h,y1,22) converges in
L? to A(t, 1, x2), uniformly in z2, as h | 0 and y; — x;. For fixed (¢,21,2), the

L2-convergence of A(t,x1,y2) to A(t,x1,72) as yo — 2o is more delicate, since the
by (BI)-(B3) that

t
A(t,z1,y2) = ds e? (V=73 _s)/ G (\/32 — 22 dz, O) gv(t —s,z1 — 21))

d—1
t
= dse (s’ - w%)(d_z)/z/ VD (dy) g\ (\/82 — a3, y1>
Rd—1

variable yo appears via the measure G(s,dz1,y2). To handle this problem, notice
[y2| R
[y2|
- g (v (t — 5,4 /22 — 23 (y1 — z1)>> ,
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where (9 and ¢(? are defined in Appendix B. In this expression, the measure v/(%)
no longer depends on x5. Therefore, the continuity property of ¢(?, the Lipschitz
property of g and the L?-continuity properties of v lead, via technical but straight-
forward calculations, to the desired L2-continuity property of yo — A(t, x1,2).
This completes the proof of property (53] for u, and hence the proof of Theorem
591! O

Remark 5.3. As in [5], our proof of Theorem Bl applies to equation (BI) with
non-vanishing initial conditions, provided they are stationary in x.

APPENDIX A. REFORMULATION OF THE CONDITION
ON THE SPECTRAL MEASURE

In this appendix, we reformulate Assumption By of Section 1] into an explicit
condition on the covariance of the noise (as has been done in [I7, 27]). More
generally, consider the condition

p(dgr)
. Jo e <

where n > 0 and d > 2, so Assumption Bj corresponds to the case n = %
Set

1
Gd—l,n(l?l) = .7:1_1 <W) (LCl), xr1 € ]Rdil,

By [24}, formula 1.2.7] and a (somewhat tedious) iterative application of [24] formula
1.18.29],

d—1
(A.2) Ga1n(x1) = Ca |21|" 72" Kaoa_, (),

where K, is the modified Bessel function of the second kind and of order v defined
in Appendix [(] (this formula appears in [12), Section 56]). If n < (d—1)/2, then, for
definiteness, we set G4_1,,(0) = 4+00. Let us moreover define the (non-negative)
function

Hd—l,n(yl) = /d F(dﬂ?l) Gd—l,n(xl — y1)7 Y1 € Rd_l.
Rd—1

Proposition A.1. Assume that the covariance measure I is non-negative on R4~
Then condition (AT holds if and only if

(A.3) sup Hgy—1,(y1) < oc.
y1€RI-L

Remark A.2. Note that (A3) implies that

(A4) del’n(()) = Ad_l F(dﬁl) Gdfl’n(l‘l) < 00,
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which, because of the exponential decrease of G4—1,,(z1) as |x1| — oo (see (C4)),
can be reformulated in turn (see formula (C1)) as

no particular condition on T, when n > %,

1
/ I'(dzy) In (—) < oo, whenn=%1
Ba1(0,1) 1]

1
['(dz)) ———— < 00, when n < 1.
/1:§d1(0,1) |2 |d=1=2n 2

On the other hand, note that since H4_1,, is non-negative definite, the condition
“Hg_1 4 is continuous at 0” implies (A.3)) (see |28, Chap. VII, p. 276]).

Proof of Proposition A.1. Suppose first that condition (A is satisfied. Let p; =
]—Tl(e’t ‘51|2) denote the heat kernel in R?~1. Since

(Ga—1. * pe)(x1 — y1) o Ga-1y(x1 —y1),  forall m € RTH

Fatou’s lemma implies that

Hq1.,(y1) =/ L(dx1) Ga—1,n(x1 —y1)

Rd—1

Sliminf/d L(dz1) (Ga—1,y * pe)(z1 — 31)-
Rd-1

£10
Now, since
(A.5)
1 2
I'(d Gqa— — = dé) ——— e—tlal® gi&en
s (dz1) (Ga—1, * pt)(x1 — y1) /RGH”( £1) arar ¢ e

and
1

1 —t|&1]% Ji&1y1 [
Lo ) e e e < [ ) e <o

by assumption (A), we obtain that Hy_1, is a bounded function on R4-1.
In order to prove the converse, assume Hy_1 , is bounded and note that since p;
is a probability measure on R?~! for all t € R, we have

sup / dyr pe(y1) Ha—15(y1) < sup  Hg_1,,(y1) < oo.
teRy JRA-1 yp ERA—1L

On the other hand,
[ i) Hovaln) = [ D) (G = pi)(a),
Rd—1 Rd-1
by definition of Hy_;, and Fubini’s theorem. By (AF), this expression is equal to
1 2
d = ot ,
Jo 60 G

and this converges by the monotone convergence theorem to

1
d§) ————, ast|O.
fo 9 e
The proposition is proved. (I
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APPENDIX B. GREEN KERNEL OF THE HYPERBOLIC EQUATION IN R¢

When d € {2,3} and a® > b, we have the following expressions for G1(t, -, x2)
(which can be computed using the expression for FG and the Fourier inversion
formula). Fix t € Ry and 2 € | — ¢,¢[. For d = 2, we have

(B.1)

o—at cosh (\/(a2 —b) (12 — 23 — x%))
Gq(t =—1 1
it e1,22) = 5 Hisal<y 2 — a3 — o} {lml <=3}

= eo(VtP—a3-t) (\/t2 — x%,x1,0> ,

and for d = 3, we have

et 1
G1(t,dxy,m0) = o Lijas|<t} <7m 0(3)(dm1)183(0’\/@)(9€1)
- T3

— 0 (V@5 = [P
(B-2) +va—b 12— 23 — |12 1{|x1|<\/ﬂ} dx1>

= eVt m3-t) ) <\/t2 - x%,dxl,O) ,

where I is the first order modified Bessel function of the first kind (see Appendix
[C), and o) is the 2-dimensional Hausdorff measure as in Example (for a = 0,
the above formula can be found in [I4) formula (7.3.88)]). These two formulas show
that for d € {2,3}, G1(t,+,z2) is a non-negative measure.

Observe in addition that for any Borel function h : R~ — R,

(B.3) G(r,dz1,0) h(z1) = 1ipsgyrd—2e " / v D (dy1) ¢'D(r,y1) h(ryr),
Rd-1 Rd-1

where for d = 2,

V) (dyy) ¢ (1, 1) = cosh ( (a — b)(1 - y%>) ,

= L{jy| 1}7;@1
- < )
Y1 1 — y%

and for d = 3,

Ddy,) = 3)(dy1)183(01 (y1) + Va W<y 77— \/W

¢ ) = n (V@ =)- |y1\2>) :

APPENDIX C. BESSEL FUNCTIONS
The zero order regular and modified Bessel funtions of the first kind are given
respectively (see formulas 9.1.10 and 9.6.10 in [I]) by

N B _y e
Jo(r)—Z( 1) (n))? and IO(T)—Z (12 r e Ry,

neN neN
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and we have the following integral representations (see formulas 9.1.18 and 9.6.16
in [1]):

s s

Jo(r) = S /OTr cos(rsin(t)) dt and Io(r) = 1 /OTr cosh(rcos(t)) dt, reR,.

Therefore, Jy(0) = 1 and Jy is decreasing on [0, 1] since J{(r) < 0 on this interval.
Moreover, |Jo(r)] < 1 for all » € Ry and Jy only has a countable set of zeros [1]
Sect. 9.5]. On the other hand, Ip(0) = 1 and Iy is increasing on Ry. By formula
9.2.1 in [I], there exists C' > 0 such that

(C.1) for all > 0.

In particular, there exists C' > 0 such that for all » > 0,

(C.2) Jo(r)? < v%

Lemma C.1. There exists C > 0 such that for all R > 1,

sl

1 R
E/o drr Jo(r)> > C.

Proof. Since the left-hand side of the inequality is a continuous and strictly positive
function of R (for R # 0), it suffices to show that

(C.3) liml/RalrrJ(rf—1
. & ; 0 = a7

R—oo
To see this, note that by (C]) and (C2),

r Jo(r)? — 2 cos? (% - r)

™

’\/7_" Jo(r) — \/g cos (% - r)
C

< .
- 147
This implies that

Vr Jo(r) + \/g Cos (% - r)

(C.4)

R 2 R T
/ drr Jo(r)? — = / dr cos? (7 - r) < C In(1+ R).
0 ™ Jo 4
Since
1 (B 1
i b et (5=
holds, and this completes the proof. O
(C3) : D P

Lemma C.2. There exists ¢ > 0 such that for all R > 0,

R
/ dr Jo(r)? > ¢ In(R).
0
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Proof. The left-hand side is a positive and continuous function of R, while the right-
hand side is negative for R < 1 and vanishes at R = 1. Therefore, it is sufficient to
check the inequality for R sufficiently large.

By (C4), there exists C > 0 such that for all r > 1,

Therefore, for R > 2,

R R
/1 dr Jo(r)? — % /1 dr % cos? (% fr>

Elementary computations show that for large R,

R 2 (7 _
/ o G s,
1 r

> 1
(C.5) SC/ dr — < ¢ < 0.
1

r2

and since the expressions on both sides are continuous functions of R, we conclude
that there is ¢; > 0 such that for R > 2,

R R
/ dr Jo(r)? > / dr Jo(r)? > ¢; In(R) — ca.
0

1

For R sufficiently large, the right-hand side is bounded below by 3¢i In(R), and
this completes the proof. O

The modified Bessel function of first order, denoted I; and appearing in expres-
sion (B2), is defined by I;(r) = I\(r), r € Ry (see formula 9.6.27 in [1]). It is
therefore non-negative, since Iy is increasing, and I;(0) = 0.

Finally, for v € Ry, the modified Bessel functions of the second kind and of
order v are given (see formula 9.6.23 in [I]) by

— ﬁ r V/OO —rt 2 v—1
Ku(r)—r(y+%) (2> . dte™"™ (t* = 1)V 72, r € Ry,

where T is the Euler Gamma function, and K_,(r) = K, (r) by formula 9.6.6 in [IJ.
From this definition, we see that K, is non-negative, for all v € R,. By formula
9.7.2 in [I], there exists C' > 0 such that
(C.6) K,(r)y<Ce™", for all » > 1.
On the other hand, when r — 0, we have by formulas 9.6.8 and 9.6.9 in [I:

In (%) if v =0,

(C.7) Ky (r) ~
rmlify £0.
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APPENDIX D. INDEX OF NOTATION

By (RY) set of bounded Borel subsets of R?

By(z,r) open ball in R? centered at x with radius r

xe () = g e RY

Sy Dirac measure at z € R4

&v. € spaces of elementary integrands (see Sections 23] and 2.5])
FT Fourier transform of 7' € S’(R%) (see Section Z1))

FT, FoT Fourier transforms of T in x1, x2 (see Section 2.4])
F(t,xy) Gaussian noise on the hyperplane R%~1 x {0} (see (ZI2)

G(t,-), G1(t,-,x2) Green’s function and its restriction to a hyperplane

(see Sections [BH3.2))

Lo, vy measures on R? x R? (see Section [2Z.2))

['(dz1), TZ(dz1)  spatial covariances (see Sections 24 and 2.6))

H; 4o, H + spaces of Borel-measurable integrands (see Sections 23]
and 23]

Hi i 7z, Hip spaces of Borel-measurable integrands (see Section [2:6])

H; 7, Hy spaces of distribution-valued integrands (see Section [2.0])

Jo, Ko, K, Bessel functions (see Appendix [C])

M°, M, M% worthy martingale measures (see Sections [Z3]

and [2:0))
p(déy), uZ(dé) spectral measures (see Sections [Z4] and 220))

v(dxy) dominating measure of I (see Section 2.4])

O (R9) space of complex-valued C°° functions on R¢ with
polynomial growth

O (RY) space of distributions with rapid decrease on R?

PO P predictable o-fields (see Sections 23] and 2.5))

S(R9) space of complex-valued C* functions on R¢ with rapid
decrease

S'(RY) space of tempered distributions on R¢

x = (x1,T2) x1 represents the first d — 1 coordinates of z € RY,
o the last coordinate

Z(t,x1) predictable process

(-, 01,05 I+ lle,0 semi-inner product and norm on Hy o (see Section 2.3)

()02, () semi-inner products on H; z, Hy (see Sections
and 23]

- Nlezs |- e semi-norms on Hy z, H; (see Sections 2.0 and [2.5])

Il - lle.+.0, Il - llt,+,z semi-norms on H; 1 ¢ and Hy 4 7 (see Sections 23]
and [2.6])

Il e+ semi-norm on Hy ; (see Section [2.1])
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